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We prove the triviality of the first L 2 cohomology class of based 
path spaces of Riemannian manifolds furnished with Brownian motion 
measure, and the consequent vanishing of L 2 harmonic one-forms. We 
give explicit formulae for closed and co-closed one-forms expressed as 
differentials of functions and co-differentials of L 2 two-forms, respec- 
tively; these are considered as extended Clark-Ocone formulae. A fea- 
ture of the proof is the use of the temporal structure of path spaces to 
relate a rough exterior derivative operator on one-forms to the exterior 
differentiation operator used to construct the de Rham complex and 
the self-adjoint Laplacian on L 2 one-forms. This Laplacian is shown 
■ to have a spectral gap. 
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1 Introduction 

A. It is a well-known classical theorem that a smooth vector field V on R" 
is a gradient if and only if its derivative DV(x) G £(R n ;R n ) is symmetric 
at each point x. This is equivalent to saying that a smooth differential 
one- form <j) : R n — > (R n )* is the derivative of a real- valued function if and 
only if the derivative of (f> at x, D(f>(x) G £(R n ; £(R n ; R)) ~ £(R n , R n ; R), 
is symmetric. If the bilinear map Dcj)(x) is considered as an element of 
£(<g) 2 R n ; R), this is equivalent in turn to the vanishing of Dcp(x) on the 
subspace A 2 R n of skew-symmetric two-tensors. 
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For a smooth manifold M, the corresponding condition on a differential 
one-form (f> is invariantly expressed by the vanishing of the exterior derivative 
d 1 ^ '■ A 2 TM — > R given by, for any two vector fields V\, V 2 on M, 

2(d 1 ( f>) x (V 1 (x)AV 2 (x)) = L Vl (<f>(V 2 ))(x) - Ly 2 ((ft(Vi))(x) - <f> ([V x , V 2 ](x)) , 

(1) 

where Ly denotes Lie differentiation in the direction V. 

This condition is only necessary in general. The first de Rham cohomol- 
ogy group H (M; R) measures the extent to which it fails to be sufficient: 

ff i(M;R ): =i^±, (2) 
Image (a) 

where d refers to the usual differentiation of functions on M. 

It is immediate that formula ([1]) agrees with the definition of d l (f> as the 
anti-symmetrisation of the covariant derivative 

V0 G C(TM; C(TM; R)) ~ C(TM, TM; R) 

for any torsion-free connection. For an arbitrary connection we have 

2(d 1 4>)( Vl Av 2 ) = (V vi (f>)(v 2 ) - (V V2 (j))(v 1 ) + (j)(T(v 1 ,v 2 )),v 1 ,v 2 G T X M, (3) 

where x G M and T : TM © TM —> TM is the torsion tensor. 

Note our convention of having the factor 2 in these definitions. This 
is in agreement with |15| |10j [31 J and Kobayashi and Nomizu |20j . It is 
essentially forced by our wish to treat the spaces of exterior powers of any 
vector space as subspaces of the corresponding tensor product spaces, but 
the Hodge-Kodaira Laplacian will no longer have the usual well known form. 



B. The above makes sense for general Banach manifolds M (see, e.g., |22j). 
though suitable completions need to be taken for the tensor products. In 
fact, when A4 is infinite dimensional, we let (& 2 T x Ai denote the completed 
tensor product using the largest cross norm, i.e., the projective tensor prod- 
uct, and similarly for its subspace A 2 T X A4. Then two-forms are sections of 
the dual bundle to A 2 TM. 

When G and H are Hilbert spaces, we use G®H for the standard Hilbert 
space completion of the tensor products, so there is the natural isometry 
G <S> H — ^ C 2 (H; G) onto the space of Hilbert-Schmidt operators. 



C. When our manifold has a suitable Borel measure and a Riemannian 
metric (or a given smooth family of norms on its tangent spaces), it makes 
sense to consider forms which are in L 2 . In finite dimensions, if the manifold 
M is complete Riemannian and the measure smooth, the exterior differen- 
tiation on smooth forms is closable, leading to a closed operator which we 
still write as d , from a dense domain in L 2 FT*M, the space of L 2 sections 
of the cotangent bundle, to L 2 T(A 2 TM)*. 
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The first L 2 cohomology group is then the vector space L 2 if (M;R) 
defined by equation ([2D but using only L 2 forms. There is also a Hodge 
decomposition 

L 2 YT*M = Image(d)0H 1 (M)0 Imaged 1 *), (4) 

where d 1 * denotes the adjoint of d 1 , the overlining denotes the (topological) 
closure, and H 1 (M) denotes the space of harmonic one-forms, the intersec- 
tion of the kernel of d 1 with that of d* . 

D The space C XQ := C XQ ([0, T]; M) of continuous paths from a fixed inter- 
val [0, T] into a compact Riemannian manifold M, starting at a given point 
xo of M, has a natural smooth Banach manifold structure [8]. The tangent 
space T a C X0 at a point a consists of continuous paths v : [0, T] — > TM ly- 
ing over a, with u(0) = S T XQ M. Differential forms on this manifold as 
described above will be called geometric forms, to distinguish them clearly 
from the //-forms which we describe below. Examples are the smooth cylin- 
drical forms, which are the pull backs ev^if? of smooth forms tp on the product 
manifold M- for arbitrary finite subsets t of [0, T], where evj : C Xo — > M- is 
the restriction map (essentially the multiple evaluation map). 

Furnish C XQ with its Brownian motion measure, say, [x. Following Gross 
|19j it is standard to have a differential calculus based on differentiation 
in the directions of certain Hilbert spaces. For this we use the "Bismut" 
subspaces H a of T a C Xo , defined for each path a by 

H a = [v € T a C X0 : v t = // t a h t ,t£ [0,T], some h G Lq' 1 ( [0, T] ; T XQ M) j . 

Here //f : T xo M T at M denotes parallel translation along a using the Levi- 
Civita connection of M. Note that such objects are only defined for almost 
all paths. These H a become Hilbert spaces continuously included in the 
geometric tangent spaces T a C Xo under the damped inner products (— , — ) cr ; 
see below for more details or [13] for an overview. We let L 2 VH, L 2 TT-L*, 
etc., denote the spaces of L 2 H- vector fields and L 2 i/-one- forms, respec- 
tively; in other words, the L 2 sections of the relevant "bundles". As usual in 
Malliavin calculus, //-differentiation of G-valued cylindrical functions, for G 
a separable Hilbert space, extends to give a closed densely defined operator 
d from its domain in L 2 (C XQ ;G) to L 2 TC2('H;G). Denote its domain by 
ID 2,1 G, or simply ID 2 ' 1 when G = R. The corresponding gradient operator, 
/ i — y V/, has the same domain with values in G(E) L 2 VH, or just L 2 TH when 
G = R. 

There is a natural connection on H, the damped Markovian connection, 
giving a closed covariant derivative operator W, from the domain ID 2 ' 1 ?/ 
in L 2 VH to L 2 TC(T-L;7i); see Section [2] below. Its torsion tensor T will be 
considered as an LP section, for all 1 < p < oo, of the bundle of continuous 
skew-symmetric bilinear maps £ s kew(T-i,H',TC X0 ) from the Bismut tangent 
bundle to the tangent bundle of C XQ ; see Appendix B of [TS] but note the 
misprint there, where C2(/\ 2/ H;TC XQ ) should be C s kew{T~L,T~L;TC X0 ). The 
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curvature operator, denoted by R, will be considered as an L p section of 
C(A 2 T a C Xo ;A 2 T a C Xo ). 

In general we adopt the same notation as used in [TS]. An exception is 
that here J-^° refers to the natural filtration on C xo and to the filtra- 
tion on the Wiener space generated by the solution from xq of a stochastic 
differential equation (SDE), defined in Section [2] below. 

E. Following Shigekawa's work [27J on the Hodge theory for the Wiener 
space, it might be hoped that an L 2 de Rham theory for C XQ could be based 
on "forms" which are sections of the dual spaces to the exterior powers A q % 
of the Bismut tangent bundle. However, the Lie bracket of sections of % may 
not be sections of % in the presence of curvature (Cruzeiro and Malliavin 
[5], Driver [7]), so the straightforward application of the usual definition of 
exterior derivative cannot give a closable operator acting between L 2 spaces 
of sections of these bundles (Leandre |24J). This can be seen from formula 
(TiJ for one- forms and is also shown in the following analogue of equation ([3]) 
for a cylindrical one- form <p on C Xo : for almost all a £ C XQ , 

2{d 1 (j>){v 1 Av 2 )=W Vl <l>{v 2 )-W V2 (j>(v 1 ) + (i>{T{v 1 ,v 2 )), v 1 ,v 2 e'H <7 , (5) 

where the torsion does not in general take values in %. 

There have been many efforts to circumvent the problem; see Leandre 
for a survey. Elworthy and Li [12] proposed to replace, for q > 2, the 



Hilbert spaces A q 'H (T by a family of Hilbert spaces which are contin- 
uously included in A q T a C X0 , while keeping the exterior derivative a closure 
of the classical exterior derivative on smooth cylindrical forms. An H-q- 
form will be a section of . A detailed description of the case q = 2 is 
given in |15| . where is shown to be a deformation inside A 2 T a C Xo of 
the exterior product A 2 Ti of the Bismut tangent bundle by the curvature 
of the damped Markovian connection. The analysis in |12[ [T5] proves the 
closability of exterior differentiation on the corresponding 1? fZ-one-forms, 
defines a self-adjoint Hodge-Kodaira Laplacian on such I? i7-one-forms, and 
establishes the resulting Hodge decomposition as in equation where d 1 
is the closure of the geometrically defined exterior derivative. It holds that 
d l d = 0. In addition, by Fang's version of the Clark-Ocone formula |16j . 
described below, the image of d is closed, so every cohomology class in 

T2rrU r \ - KeV ( dl ) 
L tl {U Xo > — T-TT 

Image(a) 

has a unique representative in H 1 (C a;o ), the space of L 2 harmonic one- forms. 
After introducing some notation and a few preliminary results, we prove 

a Clark-Ocone formula for L 2 if-one-forms in Theorem 16.11 and Corollary 

16.21 below, with a version for co-closed one-forms in Corollary 16.51 This 

implies immediately that L 2 H l (C XQ ) = {0}, so all 1? harmonic forms vanish. 

Moreover, the image of d 1 is closed, the Hodge Laplacian for one-forms has 

a spectral gap, and we have an improved decomposition 

L 2 VH* = Image(d) Image^ 1 *). (6) 

A similar vanishing theorem was given in |10| for L 2 H l {C XQ ) when M is a 
symmetric space, based on results from [31] . 
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1.1 Paths on groups; other approaches 

When M has a Lie group structure with bi-invariant metric, the problems 
mentioned above in the definition of an L 2 de Rham complex over its path 
space disappear if the Bismut tangent space is defined using the flat left 
or right invariant connection. The complex can be defined using exterior 
powers of T~L and its cohomology vanishes as shown by Fang and Franchi [T7] . 
Fang and Franchi [18J also defined the complex, with a Hodge decomposition, 
for based loops on such a Lie group. More recently, Aida pQ showed that 
the resulting first I? cohomology group vanishes when the group is simply 
connected. 

Aida used techniques from rough path theory combined with elements 
taken from Kusuoka's approach [21] of considering a "submanifold" of the 
Wiener space, which is in some sense a model for the path or loop space on 
a given general compact Riemannian manifold. Kusuoka [21] constructed 
an L 2 Hodge theory in this context, with partial results on the computation 
of the L 2 cohomology for loop spaces. 

Leandre [23] developed other approaches to de Rham theory on path and 
loop spaces furnished with Brownian motion measures. One of these was 
to get over the difficulty of defining the exterior derivative by interpreting 
terms such as </>([Vi, V2]) as Stratonovich stochastic integrals [23]. For based 
paths this led to vanishing cohomology; for based loops it gave rise to the 
usual cohomology of the based loop space. However, his theories did not 
involve a Hodge Laplacian. 

2 Ito maps and the damped Markovian connec- 
tion. 

Our main tool is the ltd map of a suitable SDE on M, as a substitute for 
measure class preserving charts. Here we recall the notation and basic facts 

from G8 HI 021 USES]- 

A. Using the Levi-Civita connection on M, let 4? denote the usual covari- 
ant differentiation defined along almost all paths in C xo . Let M denote the 
damped version defined by § = § + iRic", and W t : T XQ M -> T Gt M the 
damped parallel translation defined by ^jjWt = 0. Here Ric" : TM — > TM 
corresponds to the Ricci curvature via (Ric|(t> 1), v%) = Ric(«i, V2), for any 
Vl ,v 2 eT x M. 

It is often convenient to use L 2 TC X0 , the L 2 tangent bundle of C xo . It is 
a C°° Hilbert bundle over C XQ , whose fibre at a path a consists of measurable 
vector fields V : [0, T] — > TM along a such that J Q \Vt\ 2 t dt < 00, with the 
natural inner product. Then M : % — > L 2 TC X0 determines an almost surely 
bijective map, with inverse W given by 

W(V) t =W t f W~ x V a ds. 
Jo 
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Thus T~L inherits a "bundle" structure and a Riemannian metric, and the 
inner product we use for vectors Vi, V2 in T{ a is 

f T ,ID ID . 

B. Choose a smooth surjective vector bundle map X : R m — > TM of the 
trivial R m -bundle over M into the tangent bundle of M, for some m G N, 
which induces the Riemannian metric of M and its Levi-Civita connection in 
the sense of This means that, if Y x : T X M — > R m is the pseudo inverse 
of X(x) for each x G M, then 1^ = X(x)* and the covariant derivative V V U 
of a vector field U in the direction of some v £ T X M is given by 

V v U = X(x)d[y^Y y U{y)](v). 

A basic property of this covariant derivative is ([11] Proposition 1.1.1) 

V v X(x)(e) = 0, \/v G T^M, e G Ker(X(x)) ± . (7) 

Let {-Bt}tg[o,T] be the canonical Brownian motion on R m . Given xq G M, 
the solutions {xt} t £[o,T} °f t ne SDE 

dx t = X(x t ) o dB t (8) 

are Brownian motions on M. Denote by Co := Co([0,T];R m ) the classical 
Wiener space, with the natural filtration {^t}te[o,T] an( ^ t ne Wiener measure 
7. The ltd map is the solution map I : Co — > C xo of SDE a measure- 
preserving map between (Co, J 7 , 7) and (C XQ , J rx ° , n XQ ), withZ*7 = fi XQ . The 
filtration generated by I is denoted by {Ft}te[o,T\- 

For almost all w G Co, the //-derivative of I at to can be considered as 
a continuous linear map T W I : H — > T x C ao . For almost all <r G C ao and 
h £ H, we define 

TX CT (/i)=E[T w J(/ l )|XH = ( 7]. 

In general, we denote by f(a) the conditional expectation of an integrable 
function / on Co given I = a, which gives a function on C xo . For a discussion 
of the conditional expectation of vector bundle valued processes, see [9| [TT] . 

Since the connection defined by the SDE ([SJ is the same as the one 
defining H and its inner product, the map TZ& gives a projection TT& : 
H ->■ V. a for almost all a G C xo ([14] Property 3.1) with 

TIc{h) t = W t J^ W- l X{a s )h s ds = W t (x(x.){hj) • (9) 

Relatedly, we have the push-forward map TZ(—) a mapping any I? H- 
vector field h on Co to an %-vector field TI(h) on C XQ , given by 

TT(hj a = E [T w l(h(w))\l(w) = a] , a.e. a G C Xo . 

This is a continuous linear map from L 2 (Cq; H) to L 2 VH ( |12| Theorem 2.2), 
and for /i G J 7 ^ , we have h = hoi, so 

TZ(h) a = TZ a (h). (10) 

By Lemma 9.2 in [15], identity (fit)]) also holds for an ^.-adapted H- vector 
field h on Co . 
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C. Following [H], we use the map X : M x R m -> TM in the SDE © to 
define X : C Xo x L 2 ([0,T];R™) -> L 2 TC Xo by 

(X(a)^t = *(<J t )(^), Va G Q ,t G [0,r],/i G L 2 ([0, T]; R m ), 

and its right inverse y ff : L 2 T a C Xo -»■ L 2 ([0,T];R m ) by 

y (r (A;)t = y fft (fc t ), yk€L 2 T a C X0 . 

We also define X : C ao x # -> ft by 

X(a)(/t) =TZ a {h) = W (X(cr)(/i)) , Va G C X0J fc G ff, 

with the right inverse Y CT : — >• if given by 

f* ID 

Y ff (A:)t= / Y aa {— k s )ds, Vken a . (11) 

The f 2 ([0, T]; R m )-valued one-form Y induces on C xo the pointwise con- 
nection V, defined for vector fields U G Dom(V) = TD 2 ' 1 (L 2 TC Xo ) by 

V V U = X(a)d[a i ^ y a f7(a)](u), a G C^u G T CT C, . 

The pointwise connection is metric for the L 2 metric, and torsion-free if V 
is chosen to be torsion-free, as is assumed here. We can use the almost 
surely defined map ^ : % — > L 2 TC XQ to pull back V and obtain a metric 
connection, the damped Markovian connection W, on T~L: 

Equivalently, given U G JD 2 ' lr H and v G H a , for almost all a G C Xo , we have 

W V U = X{er)d(YU) tT (v). (13) 

D. We also need the splitting of {B t } t ^o,T] into relevant and redundant 
noise [TTJ. Since X(xq) is surjective, we have the splitting 

R m = Ker(X(x )) ± x Ker(X(x )), 

with independent Brownian motions B : [0,T] x Co — > Ker(Jf(cco)) C R™ 
and : [0,T] xC -> Ker(X(x )) C R m ~ n , as described in p], such that 
{-B*}te[o,T] an d { x *}<e[o,T] have the same filtration and 

dB t = ]ltdB t + // t x dPt, (14) 

where the map // : [0, T] x C XQ — > 0(m) is sample continuous and adapted 
to {-^ }tG[o,T]) with 0(m) being the orthogonal group of R m , such that 
//o = IdR«i and the orthogonal transformation J/ t maps KerpT(xo)) to 
Ker(X(x^)). We usually suppress the superscript x in the parallel transla- 
tions and write simply jjt and jjt- 

For y G M, let K(y) be the projection of R m onto Ker(X(y)), and 

K ± (y)=ld nm -K(y)=Y y X(y) 

the projection onto the orthogonal complement of Ker(X(y)). Then 

B t = f /~/~ 1 K ± (x s )dB s and ft = [ f/ s ~ l K(x s )dB s . 
Jo Jo 
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3 A preliminary Clark-Ocone formula for one-forms 

We write — div for the adjoint of the gradient operator V. It acts as a closed 
operator from Dom(div) C G®L 2 {C -H) ~ L 2 (C -G®H) to L 2 (C ;G), 
for G a separable Hilbert space. Given a function g : Co — > G in ID 2 ' 1 and 
V : Co — > H, we define Vyg : C Xo — > G by Vyg(x) = dg x (V(x)). If V is in 
the domain of div, we have 

div(g ® V) = gd\vV + V v g- 

We use the same notation when working on C xo . 

We identify u G (8) T a C Xo with its evaluations u S) t G T as M ® T at M, 
continuous in (s, i). Thus, a vector u G ® 2 T a C X0 is in <g) 2, % if and only if we 
can write 

wID ID 

««,* = (W a ®Wt)(j® j)u, 

with (^"jwe® 2 ^. 

Given two vector spaces G and K, let r : G®K — > K®G be the canonical 
flip map, i.e., r{g ® k) = k g, extended naturally to completed tensor 
products. For inner product spaces G and K, let (i)(— , h) : G ® K — > K, for 
fa G G, be defined by 

(1) (g®k,h) = (g,ti)Gk, \/g£G,k£K, 
and similarly (2)( — j I) '■ G <8> if — >• G, for / G if, by 

(2) (g®k,l) =g{k,l) K , Vg £ G, k £ K. 
Observe that (™)[ )S = t(u s j) for u G ® T a C Xo . 

3.1 Differentiation of divergences 

The classical Wiener space. The well-known commutation relationship 
between the derivative and divergence operators on the classical Wiener 
space is concisely expressed as [V, —div] = Id# in Nualart [25]. The follow- 
ing was given for abstract Wiener spaces by Ustiinel and Zakai |29] under 
slightly stronger conditions; see also [31J for a proof. 

Lemma 3.1 (Ustiinel and Zakai [29], Nualart [25]). Given U G E> 2,1 (C ; H) 
and tVU G Dom(div), we have divlJ G ID 2 ' 1 and 

V(div*7) = divrW - U. 

In other words, under these conditions, we have d\vU G ID 2 ' 1 , and if ' h G H, 

X7 h (dwU)(x) = ((divrW)O), h) H - (U(x), h) H . (15) 

If U £ ID 2 ' 2 (Co; H) andV £j} 2 ' 1 {Co;H) C\ L°°{Co;H), we also have 

Vy(divtf) = divVyU - (U, V) H - (tVU, VV) h ®h- (16) 
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When U and V are adapted, we only need to assume U G ro 2,1 (Co; H) 
and V G L°°(C ;H) to obtain V V U G Dom(div), divJJ G ID 2 ' 1 , and 

Vy(divtf) = dwV v U - (U,V) H . (17) 

This is because the term (tVU, W)h®h in (fl6j) vanishes for adapted {/ 
and V, reflecting the fact that adapted processes can be moved inside ltd 
integrals. In particular, divVyt/ = (divV_£7)(V), where we treat divV_J7 
as a Hilbert-Schmidt operator valued integral. 

The path space over M. On the path space C xo , the following lemma 
extends slightly the commutation formula of Cruzeiro and Fang [2] (Theorem 
3.2), with a different proof: while Cruzeiro and Fang [2] used the stochastic 
development, we use the solution map of a suitable SDE on M. 

We let {at}o<t<T denote both the canonical process on M and a generic 
element of C Xo , and write the martingale part of the Stratonovich integral 
with respect to odat as d{a}t- Thus d{a} t = //tdB t , where B is the stochas- 
tic anti-development of our Brownian motion {&t}t&[o,T] on M using the 
given connection, and d{a}t can be used to integrate suitable progressively 
measurable integrands. 

Next, we recall a few useful results from |14j : 

• Corollary 4.3 : F G ID 2,1 (C Xo ; R) => F o X G ID 2,1 (Co; R); (18) 

• Theorem 6.1 : -F o X g ID 2,1 (Co; R) => FeW 2,1 (C I() ;R); (19) 

• Proposition 7.3 : FoX e ID 2 ' 2 (C ; R) F G K) 2,1 (C X0 ; R). (20) 

Here the weak Sobolev space W 2 ' 1 is defined as the domain of the adjoint of 
the restriction of d* to ID 2 ' 1 ?^*, so 

W 2 ' 1 = Dom((d*|j D 2,i w *)*)> > and l® 2 ' 1 c W 2 ' 1 - 

Lemma 3.2. Suppose a vector field U G ID 2,1 % is adapted to {J~t°}te[o,T]- 
ThenW -U is adapted and divU G ID 2,1 , with 

d(divU)(V) = -£(^(W-U),d{a} t U(V) - (U,V) H , (21) 

for any H -vector field V on C xo . If in addition V is adapted, we have 

d(div U)(V) = div(W v U) - (U, V) H . (22) 

Remark 3.3. The map W-U G C{H.;T-L) is adapted in the sense that its 
composition with the evaluation map is adapted: evtoW-U G C(7i; T at M) is 
J 7 ^ -measurable for all t G [0, T\. The integral in (f2Tj) is an £(H; R)-valued 
ltd integral. 

Proof. Choose an SDE on M as in Section [2] and use the notation of that 
section. Since U is adapted to {^ }t6[o,T]; the ma P o X : Co — > H is 
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adapted to {Jt}te[Q,T\- We apply Corollary 5.2 in [TJ] to calculate 



(dWU)ol = -E 



f ID 

J {—U t ol,X(x t )dBt)x t \FT 

r T id 

J (-U t ol,X(x t )dB t ) Xt 

Jo ( Y dt Ut ° I,K ( x *) ds *>R m > 



where the second line follows from the adaptedness of U. 

Since 17 G ID 2 ' 1 ^;?*), by {TS} we have U o X G D 2,1 (Co;^), hence 
-fC^(xf)y^C/t°X G ID 2,1 (Co; R" 1 ), so we can apply the commutation formula 
for the Wiener space to obtain (div U) ol £ ro 2,1 (Co;R). Applying ([TU|) . 
we see div?/ G W 2 ' 1 ^; R). To prove div [7 G K) 2 ' 1 ^; R), we take a 
sequence of adapted Uj G ID 2 ' 2 % such that Uj — > U in ID 2 ' 1 ^. The argument 
above shows now Uj o I G ID 2 ' 2 (C ; W), (divt/,-) ol e ID 2 ' 2 (C ;R), and 
(divCT,-) ol-> (divt/) oj in ID^CojR). Applying (J20J), we also see that 
(divt/,) ol £ 1D 2 ' 2 (C ;R) implies div Uj G K) 2,1 (C Xo ; R). From Corollary 
4.3 of 1 141 we know that the set 



{/oZl/elD^^R)} 

is closed in ID 2,1 (Co; R), so the convergence of (div Uj) ol to (div U) ol in 
K) 2,1 (Co;R) implies that div U G ID 2,1 (C Z0 ; R). 

We now make use of the splitting (j!4[) to calculate, for any h G H, 

d[(div f7)o J](/i) 

/•T TP) /" T ID 

= - J{d[Y—U t oT]{h),K^(x t )dB t )nr« - JJX-U t oX,K ± (x t )h t ) nm dt 
rT tt-) 

- J {Y—U t oI,d{K x {xt)){h)dB t )wn 

f T ID /^ID 

- (Xd(Y-U t )Tl(-) t ,X(x t )dB t ) Xt (h) - / (-U t ol,X(x t )ht)n™dt 
Jo dt Jo dt 

f T lD 

- J (—U t o J, Xd[YX]Tl(-) t dB t ) Xt (h) 

r T ~ id r T T> 

= - J{V T x(-) t jUuX{x t )dB t ) Xt {h)- J {—U t oX,X{xt)ht) Rm dt 

- jJ^Ut o 1, V TI ^ )t X(x t )dB t ) Xt (h) 



T ID ~ ~ f T TD 

- Ut ,X(x t )// t dB t ) Xt (h)- / (-< 



~ l(^TX(-) t —Ut,X(x t )// t dB t ) Xt (h)- I {—U t oX,X(x t )h t ) R mdt 



^U t oI,V TXHt X{x t )/~/ t dp t ) xt (h), (23) 

where in the last line we used the basic property ([7J). Recall the intertwining 
formula from [14] 

df[TTJh)]=d(fol)(h), (24) 
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where / E JD 2 ' l (C Xo ;R) and h E L 2 (C ;H). If V = TZ(/i) for a constant 
h £ H, we can apply (f21|) to / = divC/ and arrive at 

d(div C/)(V(o-)) = E [d(div C/ o I)(h)\T = a] . (25) 

To calculate this, first observe that taking conditional expectation of the 
right-hand side of (I23p annihilates the last term, since /3. is independent of 
F x °. Applying @ and ([12]), we obtain from (125]) 

d(divC/)(y( f r)) 

= - j\v eVti ^U,d{a} t ) at (Tl a (h)) - £(^U,X(a t )h t ) R mdt 
= -^ T (V^ ( _ ) ^,4a} t ) CTt (F(a))-^ T (^(a),^(a)) Rm di 

= " £{^ t (W^U),d{a} t ) at (V(a)) - (U(a), V(o)) H . 

This finishes the proof of (|2ip for a vector field of the form V = TI(h) with 
h E H. Since each term in (|2ip is linear and continuous in V, we can extend 
this result immediately to a general H- vector field V. 

For V an adapted L 2 H-vectov field, equation ([22]) holds since we can 
take V inside the stochastic integral. □ 

It would be useful to obtain a version of these formulae without the the 
adaptedness condition on U. This would be a major step in obtaining a 
Weitzenbock identity for the Hodge Laplacian on one-forms; see the works 
of Cruzeiro and Fang [5] [3] H] for related discussions. 

3.2 The operator D 1 

Define W$ : ID 2 - 1 ^ -)• L 2 T(® 2 H) by 

(2) (V fl C/, V) H =W v U, VU E TD 2A n, V E H. 
From equation ([T3]) . we see 

V tt ?7 = (X Old) V (¥[/). (26) 
We now define an operator D 1 : Dom(I) 1 ) E L 2 VH -)• L 2 r(A 2 %) by 

D 1 V r = i(rV tt y-V s y), 

with initial domain ID 2 ' 1 ^; we show below that it is closable and from then 
on take its closure. Let W* : L 2 T{® 2 %) -> L 2 TU be the L 2 -adjoint of V s . 

In general for an element v of a Hilbert space G, we denote by v " E G 
the dual element; for a section of a Hilbert bundle, is the corresponding 
section of the dual bundle. Thus (u")" = t>, and if is an .H-one-form, then 

is an i^-vector field. 

In terms of the operator D 1 and the torsion T E L s k ew ^}i^ / }i\TC x ^) of 
the damped Markovian connection, formula ([5]) can now be written, for a 
smooth geometric one- form eft and two H- vector fields Vi, V 2 , as 

2 A V 2 ) = (2 2>y , ^1 A V 2 ) A 2 n + (<j)o T)(V\V 2 ). (27) 
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Lemma 3.4. The operator D is closable. Moreover, 

Proof. If U G L 2 r(A 2 ^)nDom(V*), then tU = -U G L 2 r(A 2 ^)nDom(V*). 
Thus W* gives, when restricted to act on E) 2 ' 1 (A 2 'H), 

V*C/ = --(tV 8 

This implies that 17 G Dom(I) 1 *) and D 1 *?/ = -W**7. 

The restriction of W* to the intersection of its domain with L 2 T(A 2 T-L) is 
a closed operator. It is densely defined in L 2 T(A 2 Ti) by Proposition 9.6 of 
|15j . From this we see that the operator T) 1 has the closed extension 

It remains to show that U G Dom(S) 1 *) implies ?7 G Dom(V*). For this, 
take V G ID 2 ' 1 ^ and U G Dom(I) 1 *). Since U is skew-symmetric, 

E(V S F, U) = ^E(W fl V - rV s F, U) = E(V, -^(r¥ tt - V fl )*?7), 
and the result follows. □ 



3.3 Differentiation through the optional projections 



Let Py : L 2 VH — >■ L 2 VH denote the projection onto the subspace V of 
adapted processes in L 2 VH, i.e., 



(PvU)t = W t / W^Ei—Usl^ds, U G L 2 TH. 
Jo ds 



(28) 



We wish to show that Py preserves the space of ID 2,1 vector fields. This 
follows directly from Lemma 13.51 below, which extends the following result 
for the classical Wiener space by Nualart and Pardoux (Lemma 2.4 of [26J): 
given F G ©^(CfoR), we have E(F\F S ) G ©^(CqjR) for s G [0,T], and 



d_ 

di 



[VE(F|7i)] t = E 



(VF) t |J- s 



a.e. in [0,T] x C . (29) 



To simplify notation, we recall the definition of the canonical resolution 
of the identity {^s}se[o,T} on the Cameron-Martin space H of the classical 
Wiener space; see [28] [3D]. This consists of projections ir s : H — ^ H, 
s G [0, T], given by 



(7T s /l) t = / 
JO 



h r dr, Vt G [Q,T],h E H. 



(30) 



For brevity we write sVf = max(s,i), and s At = min(s,t). We also recall 
if F G D 2,1 (C a;o ;G), for G a seperable Hilbert space, then VF G G®L 2 VH. 

Lemma 3.5. Given G a seperable Hilbert space and F G JD 2,1 (C X() ; G), we 
have E(F\Fg°) G JD 2,1 (C xo ; G) for s G [0,T], and a.e. in [0,T] x C xo , 



ID 



(id®-)[vE(F|jj° )} t = i M m 



ID, 



(H8)-)(vn|j;; 



(31) 
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Proof. We assume first F G ID ' (C Xo ; R), then Fol £ D 2 > 2 (C ; R) by 

R, we have F o X G J-~ s if and only if P 1 G J 7 ;? . 



Recall that for F : C, 



Applying the Nualart-Pardoux result above, we see 

E(F|J^ )oZ = E(FoJ|JF s ) G 1D 2 ' 2 (C ;R). 

Applying Qgfy we see E( J F|J r f ) ) G ]D 2,1 (C X . ; R). Equation (gU]) allows us to 
calculate, for h G H, 



d[E(F\F*°)]oTl(h) 



d[E(F\F^)ol](h) 
= d[E(F ol\F s )](h) 
= E[d(Fol)\F s ](ir s h) 
= E[dF oTl(-K s h)\F s ], 

so taking conditional expectation with respect to , we use (jlOp to obtain 

d[E(F\F* )] oTX{h) = E[dF o TI(k s h)\J^°] = E[dF o TZ(TT s h)\Fg ]. 

This shows that, give any h G H, 

T {^[VE(F\F^)] t ,X(x t )h t ) Xt dt 

-T 



E 



J (^VFX(x t )h t l [0 , s] (t)) Xt dt\F*° 
ID 



(E 



dt 



(yF)t\JT 



l{o,s](t),X(x t )h t ) Xt dt, 



which proves the result for F G ID 2 ' 2 (C a ,,; R), since X is onto. 

For a general function F G TD 2,1 (C XQ ; R), we take a sequence of func- 
tions Fi G JD 2 ' 2 (C X0 ;R) such that F» -)■ F in D 2 ' 1 ^; R). We now have 
E(Fi\F*°) -> E(F|J^°) and VP; -> VP in P 2 . The above arguments also 
imply that E(Fi\F* a ) G D 2 ' 1 (C !Bo ;R), and 

lD [VE(F\F^)] t =E[H(VF i ) t |J? ]l [0 , fl ](t) -^E[§(VF) t |^]l M (i) 



in P 2 . Since V is a closed operator, we see E(F|J r ^' ) G ID 2,1 (C Xo ; R), and 
([MD holds indeed for F G ID 2 ' 1 (C^ ; R) . 

For F G ID 2,1 (C X0 ; G), the result follows from the isomorphism between 
JD 2 ^(C X0 ;G) and G ® K) 2 ' 1 ^; R). □ 



Proposition 3.6. Given J7 G ID 2 ' 1 ?^, we have P V U G ID 2 ' 1 ^, and 

~,TD ID, 



(32) 



Proo/. Since 17 G ID 2 ' 1 ^, we have Y as ^U s G R m for a G and s G [0, T}. 
Lemma 13.51 shows that, a.e. in [0, T] x C XQ , 



WOE 



13 



Equations (|26|) and (f2S|) allow us to derive 



( 



— (8) — 
(is dt' 



(X(C7 S ) « 

l[o, s] (*)E 



ID. 



□ 



3.4 The Clark-Ocone formula and its derivative 

The Clark-Ocone formula on C XQ was first obtained by S. Fang [16| : see also 
[II]- It states that if F G ID 2 ' 1 ^; R) then 



F(a) = EF + I (E 
Jo 



ID 

dt 



■'■() 



,d{a} t )a t , Hx -a.e. a £ C xo . (33) 



In terms of the projection Py discussed earlier, formula (|33() can be written 

as 

F = EF — div P v VF, VP G ID 2 ' 1 (C xo ; R) . 
For an L 2 FT-one-form <^>, we define CO(4>) : C xo — > R by 

CO(0) = -divP v tt - 

The Clark-Ocone formula shows immediately that, if an L 2 F-one-form </> 
is exact, it is the derivative of CO(4>). This motivates the following 

Proposition 3.7. If cf) £ L 2 YW is in Dom(J) 1 ), we have CO(4>) G ID 2 ' 1 , 
and for a.e. t G [0,T], 



2 / (2)<E 



( !2^ )( sy)„l^ 



,<iM,)„.- (34) 



Consequently, if $ G Dom(2) 1 ) ; t/ien 4> = df for some f G ID 2 ' 1 i/ and only 
if 

D D '■ 0, a.e. (s,t) G [0,T] x [0, T]. 



E 



vt 



Proof. Suppose first (/> G ID 2 ' 1 ^*, so we can apply the Clark-Ocone formula 
(|33p to write, for almost all t G [0,T], 



ID 

ds 



ID ID /"^ 

Y at -4(a)=EY at -4 + J {2) (E 

Applying X(o"t) to both sides, we have 
ID 

(a) = X(a t )EY at -4+X(a t ) J (2) (E 



V(X^) s |Ff> 



ID j 

dt^ 



ID 



ID 



^{0-} S )<T s - 



Taking conditional expectation with respect to J-f° , we obtain 



ID ID /"* 

E(-</>{|J?°) = X(a t )EY at -4+X(a t ) j (2) (E 



ID 

(is 



ID 



v(r CTt - n , SKs 
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hence 



ID 

~dl' 



^W-E(^|Jf) =X(a t ) / (2) (E 



— <6h 



T 



(2 



)(E 



)t,sK s 



^Ws)<x s -(35) 



For 4> G ID 2 ' 1 ^*, Proposition ESI shows P v ^ G ID 2 ' 1 ^. By Lemma 
have CO((f>) G ID 2 ' 1 , and for 1/ = 7T(/i) with he H, 



we 



d[co(0)]OO 



-d(divPv^)(^) 



r id 



We can now use (|32|) and (|35j) to calculate 
d[CO(0)] (V)-(^,V) n 

fT TT\ 

= J Q (-(W-Pv ( f> i ),d{a} s ) as (V)-{^-P v 4,V)n 



T 



(i)(E 



T 



(2)(E 



ere as 



T 



(2)(E 

T (2)(E 



,E> 1D W u 



ere 



)t,s\J r ; 



■I'O 



ID, 



ere 



proving the results for <j) G ID 2 ' 1- H*. 

Since V is a closed operator with domain ID 2,1 , the result for general <j> in 
Dom(S) 1 ) follows from the continuity of the map CO : L 2 VH* -> L 2 (C XQ ; R) 
and the denseness of ID 2,1 % in Dom(5) 1 ). □ 

In view of formula ([3]) and the existence of torsion in general, it is not 
obvious how the preceding proposition would relate to a condition involving 
the vanishing of the exterior derivative. This will, however, become clear 
once we have examined first the conditioning which appears in (|34p and an 
extension of the concept of adaptedness to two-tensor fields, and then the 
definition of the exterior derivative and the space of two- vectors V.^. 



4 Adapted two-tensors 

The space of "adapted" two-tensor fields which arises naturally in this con- 
text is the space l/ 2 ) given by 

V (2) = {ue L 2 T(® 2 H) : ® ™)U B>t G JJvt, a.e. (s,t) G [0,T] x [0,T] j 
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(2) 

with the corresponding subspace V skew of "adapted" ii-two-vector fields 
Vfl w ={u e L 2 T(A 2 H) : (f g ^)U a , t G J?° t , a.e. (s,t) G [0,T] x [0,T]| . 



.ID K),„ , TTX 

( s » s m«»(tOM-E 



Both V( 2 ) and V^, are closed subspaces of L 2 Y{® 2, H), and we define the 
orthogonal projection P V (2) onto l/ 2 ) by 

, a.e. (s,t) G [0,T] x [0,T]. 

Define the set 5^ of adapted bounded primitive two-tensor fields by 

S fe (2) = {Vi ® V 2 : Vi,y 2 G L°°rH, both adapted to {-Ff J } te[0 ,T] } , 

as well as the corresponding set skew of adapted primitive two-vector fields, 
with V\ A Vi replacing V± <8> V2 in the definition. 

Lemma 4.1. is total in . Similarly, S^ kew is total in vf kew . 

Remark 4.2. Equivalently, we could state the L 2 version of the lemma, 
replacing and , respectively, with 

y(2)' = {[/ G L 2 r(® 2 L 2 TC X0 ) : U,, t G J?° t , a.e. (s,t) G [0, T] x [0,T]} , 
and 

5 6 (2) ' = {Vi V 2 : Vi, V 2 G L°°T{L 2 TC X0 ), both adapted to {J?°}t G [o,T] } • 
Proof. Take an orthonormal basis {h x °' j }j e jq of L 2 ([0, T); T X0 M), and set 

W = //t a ht°' j , 3 € N,t G [0,T],a G C Xo . 
Given any J7 G V^ 2 \ we can approximate £3 ^)C4,t G J-^° t by finite sums 

n 

j,k=l 

where A J ' fe : [0,T] x — > R are bounded and adapted, i.e., \(- k G J 7 ^ 
for all r G [0, T]. Therefore, we only need to show that each term in the 
finite sums above can be approximated in L 2 by sums of terms of the form 
(Vi) s ® (V 2 ) t , with Vi, V 2 G L°°T(L 2 TC X0 ), both adapted. 

Since X J r ,k is the L 2 limit of sums of bounded elementary processes of the 
form 

(r,a) 4/(a)l H (r), cr G C XQ , a, 6 G [0, T] , / G J 7 ^ , 

we write \^ k t as the limit of finite sums of functions of form /(cr)l( a 6 ] (s Vi). 
Observe that 

!(«,&] («Vi) = l[ 0)a ](s)l(o,6](t) + 1 [0,a](0 1 (a,6](s) + l( 0> 6](t)l(o,6](s) 
= 1 [0,b](s) 1 (a,6] (*) + l[0,a](*)l(a,fe]('5), 
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which means 



f{a)l {aM {s\Jt)hi®h k t 
= l m {s)h? s f(a)l {aM (t)h k + f(a)l {aM (s)hi ® 1 [M 

This shows that A^ t /t| <8> ft^ is indeed a limit of sums of (Vi) s ® (^2)4 with 

(2) 

Vi and V2 adapted, so the conclusion holds. The result for V sl J ew follows by 
skew-symmetrisation. □ 



4.1 The subspaces and vf^ 

We decompose P V (2) to write P V (s) = P. .(2) +P. .(2) , where the two components 

"1 "2 

are given respectively by, for £7 G L 2 r(® 2 -H) and a.e. (s,t) G [0,T] x [0,T], 



and 



:5«§)>(e0m = 1pwWe 

(C/) Sjt = l [0jS) (t)E 



ID ID, 

— ® — 



(2) (2) 

with images denoted by V] and V2 , respectively. It is easy to see that 



s.f 



,ID ID |T _ 



r I l[o,.)(t)E 
= l[o,«)(*)E 

so the two components are related by the following identity 



■XO 
sVt 



rP v ( 2) 



(36) 



Equation ([32]) in Proposition 3.6 can be expressed as 



WP V = P. 



(2)> 



which implies that the covariant derivative of any adapted ID ' ff-vector 
field lies inside V { 2 2) . That V s [V] C vf ] may also be compared to the 

fact that W*[Vj ] _L V, proved below in Lemma 14.31 Similar observations 
regarding higher order vector fields on the Wiener space were mentioned in 
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4.2 The domain and range of W* 

Given any U G L 2 r(® 2- H) and V\ G ID 2,1 ?^, we see from identity ([26]) that 

E{WtV 1 ,U)®2 H =M{(X®Id)V(YV 1 ),U)®2 H = -E(yi,Xdiv[(Y®Id)Z7])«. 

So in general, we have U G Dom(V*) andV*C7 = — Xdiv[(Y®Id)C/j provided 
(Y ® Id)f7 G Dom(div). For the special case of U G vj 2) C L 2 r(® 2 %), we 
have the following 

Lemma 4.3. Suppose U G Vi . T/ien J7 G Dom(V*) and 

§(V^=jf<rf(§«§)^.««M.>.w- (37) 
Thus, Vj 2) C Dom(V*) and V*[v{ 2 } ] 1 V. 

Proof. Following the preceding remark, we verify (Y ® Id)U G Dom(div). 
By the definition of Y in (|lip . we have, for a.e. s G [0,T], 

(Id® 5^)[(Y®Id)£/] tjS = (Id® (Y ffr ^®Id)l7 r ,,dr 

/■•At jrj 

which is J-J -measurable for all s. Hence indeed (Y®Id)C7 G Dom(div), and 
div[(Y ® Id)C7] is the ltd- integral given by 

f T f sAt ID ID 
div[(Y ® Id)U] t = -/_(2)(/_ (Ya r -fr®fo)Ur,.dr,d{*} a ) <r , 



J 
t /-T 







(2)((^ r ^ ® —)U rtS ,d{cr} s } as dr, 



where we used the fact that (Y ar ^^^^r.s G to apply Fubini's theorem. 
We conclude that 

^(W*U) = -5^Xdiv(Y®Id)[/ 

Cti/ Lit' 



x d 



ft f T ID ID 

y o y (2)((^ r ^:®^)Ur,»,dM.> ( T.dr 



{2){{-^®-^)U t , s ,d{a} s ) (7s . □ 

(2) 

Remark 4.4. From the lemma, we see that VI ' is an isometry subspace of 
L 2 T(CS> 2 n) in the sense of Wu [30] for the map W* : L 2 T(® 2 H) -»• L 2 VH, 
i.e., 

,(2) 



|V*[/|| i2rw =||C/|| i2r(02w) , VC/GV^ 
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Indeed, applying the ltd isometry we see 



T TT) 

yW*U\\l 2TU = E / \-(V*U) t \ 2 dt 



/ f ID ID 

I J {2i{j t ® ls )Ut,s,d{a} s ) (T fdt 

l' T l' T ID ID 

WTTW 2 



5 The space of two-vectors Ti^ and the exterior 
derivative d 1 

We define as a perturbation of A 2 % in A 2 TC XQ , i.e., for u G A 2 TC Xo , 

u G H {2) <=^ u - R{u) G A 2 U 

<J=^ u = (Id + Q)(v), for some v G A 2 %; 

see P21 [15] ■ Here R : A 2 TC X0 ->■ A 2 TC X0 is the curvature operator of the 
damped Markovian connection, and the linear map Qo- : A 2 % — > A 2 T a C XQ is 
defined by 

V JO / sAt 

with Wj 2 : A 2 T X0 M — >■ A 2 T at M being the damped parallel translation of two- 
vectors using the second Weitzenbdck curvature, and 1Z : A 2 TM — > A 2 TM 
the curvature operator on M. 

In particular, 1 + Q and 1 — R are inverse of each other f [15] Lemma 4.2). 
By requiring that these operators give an isometry between T~L^ and A 2 H, 
we can define a Riemannian structure on using which, almost surely, 

1 - R = (1 + Q)* : Ti^ ->■ A 2/ H. (38) 

As in [121 US], an exterior differentiation operator 

d 1 : Dom((i 1 ) C L 2 TU* -> L 2 T(H {2) *) 

can be defined as the closure of the geometric exterior derivative acting on 
cylindrical one- forms and then restricted to the fibres of ~HS 2 ^ . That is, for 
a smooth cylindrical one-form 0, our new exterior derivative of 4> restricted 
to % is just d l 0|%(2), where d 1 refers to the geometric exterior derivative. 
We then have d 1 d = and a Hodge decomposition 

L 2 m* = Image(d) 0^^) Image^ 1 *). (39) 



19 



5.1 div 1 and Div 1 

By definition, the divergence operator div 1 : Dom(div 1 ) C L 2 FH (2) -> l?YU 
is minus the co-joint of d 1 , i.e., 

f d 1 cf)(U)dn = - I (/.(div 1 U)dfJt, <p G Dom(d 1 ), U G Dom(div 1 ). 

Its domain is the set {U G L^YU^ : G Dom((i 1 *)}, on which we have 
(div 1 ?/)" = — d}*{U^) analogously to the usual divergence acting on H- 
vector fields. 

More generally, a measurable geometric two-vector field U G T(/\ 2 TC XQ ) 
is said to have a divergence if there exists an integrable vector field Div 1 U G 
TTi such that d}(f)(U) : C XQ — > R is integrable for all smooth cylindrical one- 
forms <fi on C XQ , and 

! d 1 <p(U)dn = - I (/.(Div 1 U)dn- 

A class of examples of such vector fields on the classical Wiener space was 
given in Section 8 of |15j . Similarly, the operator Div extends div for geo- 
metric vector fields. 

Note that if U takes values in n& and is in the domain of div 1 , then it 
has a divergence in this extended sense and Div 1 U = div 1 U. 

The following result from Theorem 9.3 of [15] appears to be crucial in our 
theory. Earlier Cruzeiro and Fang [2 J had shown that, for a class of adapted 
primitive U, the geometric vector field T(U) has a vanishing divergence. 

Theorem 5.1 ([15]). Suppose U G 5^ sfcew) . Then the geometric two-vector 
field Q(U) has a divergence and 

Biv 1 [Q(U)} = h(U). 

Therefore, Div(T(f7)) = 0, i.e., given any smooth cylindrical f : C XQ — > R, 

Edf [¥([/)] = 0. 

(2) 

Proposition 5.2. If U G V s] J ew and (ft is a smooth cylindrical one-form, 

Ed 1 <p[(l + Q)U]=E(® 1 <p i ,U) A 2 n . (40) 

(2) 

Proof. We can suppose U G S^L ; the general result follows by approxi- 
mation using Lemma 14.11 Application of (|27p and Theorem 15.11 then yields 

EdV(E0 = E(DV»,C/) A2w + ^E0[T(C/)] 

= E(S)V tt ,C/) A 2 W -EdV[Q(C/)]. □ 
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5.2 d 1 and D 1 

It is convenient to define a new operator D 1 from L 2 VH* to L 2 T(A 2 7i) with 
initial domain {<p G L 2 VH* : $ G Dom(I) 1 )}, by 

S T = P v(2) DV. (41) 

Recall that P v(2) is the projection of L 2 T{® 2 U) onto V (2) . Thus 

c§ «§)<f«* =«[(§«§)<» vw^. 

Using the following lemma, we take the closure of Q 1 without change of 
notation. 

Lemma 5.3. The operator 53 1 is closable on ID 2 ' 1 . 

Proof. Given any sequence of 4>j G ID 2 ' 1 , j G N, such that 4>j — > and 
S) 1 ^- — >• J7 in L 2 , Proposition 13.71 implies 

/■ T ID ID 

-> 2 y (2)((^ 8) ^) c/ M> d W s ><T S 

in L 2 . Note that t7 G Py(2), so £7^. is adapted on (i,T]. Since CO(4>j) — > 
and V is closed, we get §[VCO(0j)]t ->• 0- Hence the Ito integral 

2 J ( 2 ){(^ ® ^t,,,^. = °> a - e - * e [0, T], 

so 17 = 0, i.e., S) 1 ^ -»■ 0. □ 

The next result explains the relationship between d 1 and 2) , which we 
have been working towards. A more definitive version is given in Corollary 
16.31 of the next section. Recall that by (d 1 </>)", for (f> G Dom((i 1 ) and in par- 
ticular for a smooth cylindrical one-form, we mean the element of L 2 T%W 
corresponding to d l <f) G L 2 r(H^*) using the Riemannian structure of T-L^ 2 \ 

Lemma 5.4. For all smooth cylindrical one-forms (f>, 

^ = P v(a) (l-R)(dV)'. (42) 
Proof. Take any U G L 2 T{f\ 2/ H). By equations (gO]) and (pj) . 
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6 A Clark-Ocone formula for one-forms and coho- 
mology vanishing 

We now present a Clark-Ocone type formula for one-forms. A variety of such 
formulae including formulae for higher order forms were given on Wiener 
spaces by Yang [311 [32] . 

Theorem 6.1. If cp € I?YW is in Dom((i 1 ), we have CO(<p) E ID 2 ' 1 and 

^[VCO(^) - <P% = 2^ T (2)((^ ® £)[P V(2) (1 -M)(dV) S ],dW s ) CTs - (43) 

Proof. By Lemma 15,41 and Proposition 13.71 the theorem holds for smooth 
cylindrical (p. Since such <p are dense in the domain of d , we argue as in the 
proof of Lemma 15.31 to obtain the result for all <p E Dom(d ). □ 



Lemma 14.31 enables us to write (|43j> in a concise form. 
Corollary 6.2. Any <p E Dom(d 1 ) can be expressed as 

$ = VCO(<p) - 2W*[P v(2 )(l - R)(dV)*]- (44) 

Corollary 6.3. With initial domain that of d 1 , the operator from L 2 VH* 
to L 2 T(A 2 H) given by 

<P ' v P vm (1 - R) (dV)" 

is closable. Taking its closure we have the following equality of closed densely 
defined operators 



<P m. P vm (1 - M) (dV)" • (45) 



Proof. For the required closability, we apply the argument in the proof of 
Lemma 1531 to equation (j4"3"|) . We then use equation (|4"2"j) and the fact that 
smooth cylindrical forms are dense in the domains of both d 1 and □ 

Corollary 6.4. If <ft £ L 2 VH* is in Dom(<i 1 ), we /lawe 

||dCO(0) - 0|| L 2 r(W (2)*). 
In particular, if (p is also orthogonal to the image of d, then 

\ L 2 Tn * < V2||dVll#r(«< a >)- 



Proof. The results are clear from ([43 p and (|42j) . using the ltd isometry as in 
Remark 14.41 and the fact that 1 — R gives an isometry from to f\ 2 T-L. □ 

We also obtain a Clark-Ocone type formula for co-closed one-forms. Re- 
call first the projection operators P,.(2) and P..(s), which are related by 

V l V 2 
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Corollary 6.5. If <j> G L 2 VH* is in Ker(<i*), we have <ft = d l *w, where 
W » = (l + Q)(? v , 2) r-P v , 2) )W. 

Proof. Since (f> G Ker(d*) means (jr G Ker(div), we see for any ^ G Dom(d 1 ) 
that 

= E[-(div^)CO(^)] = E(0 tt , VCO(^)) H - 
Applying Corollary 16.21 to -0 £ Dom(<i 1 ), we see 

= E(-2VV S , J P v ( 2 )(l-M)(dV) fl )w 

= E( (P v ( 2) r - P V ( 2 ,)VV S , (1 - M)(dV) tt ) A ^ 

= E(d 1 *"(l + Q)(P v ( 2) r - P V (2))VV, 

where we used ()36p in the skew-symmetrisation in the fourth line. □ 
We now have our main result. 

Theorem 6.6. For any L 2 H -one-form 4> on C XQ , there is an f G ID ' 
with (j) = df if and only if dr<j> = 0. Moreover, the images of d 1 and d 1 * are 
closed, and we have the following Hodge decomposition for <f) G L 2 Trl* : 

= df + d u ip, (46) 

for some f G ID 2,1 and if) G Dom(<i 1 *). 

Proof. The first assertion is immediate from Theorem 16.11 By Corollary 
E3J \\4>\\L^rn* < \ / 2NVllL2 r(W (2), ) for all <f> G Dom(d 1 | Kcr(d i ) ±). Since 
d iKerfrf 1 )- 1 18 closed, the injective operator ^Kerfd 1 ) 1 - nas closed range. From 
this it follows automatically that d 1 * has closed range. 

Vanishing of harmonic ff-one-forms follows from the first assertion, and 
the Hodge decomposition given in [X2^ I15j now has the form (|46p . □ 

Different conventions for the definition of the inner products on A 2 H 
lead to the corresponding adjoints d* and d 1 * differing by constant multiples. 
This has a knock-on effect for the operator d}*d}-\-dd* . With our conventions 
in finite dimensions, this operator would not have the usual Weitzenbock 
formula; that formula would apply to the operator 2d l *d l + dd*. It would, 
therefore, be reasonable to consider the latter as the Hodge-Kodaira Lapla- 
cian. The kernels of the two operators are the same since both consist of 
forms satisfying d*<p = and d l (j) = 0, but the two operators can be expected 
to have different spectrums. In addition, 

Corollary 6.7. Each of the "Hodge-Kodaira Laplacians", d l *d l + dd* and 
2d 1 *d 1 + dd* , has closed range and a spectral gap. 
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Proof. This is a well-known consequence of the fact that d and d l have closed 
range. For example see Zucker |33] or Donnelly [6]. □ 

Remark 6.8. Theorem [6J] gives a decomposition of Dom(d 1 ) into the sum 
of the image of d (equivalently, the kernel of d 1 ) and forms ift in the domain of 
d 1 such that ift$ G V^, the subspace of L 2 VH orthogonal to the progressively 
measurable vector fields. This decomposition is unique, since if (ft = df for 
some / € ID 2,1 and 0" G V -1- , by the Clark-Ocone formula for functions we 
see / must be constant, and so (ft = 0. 

However, this decomposition does not extend over all of L 2 VH*, since 
the projection on the first component, (ft i— > dCO((ft), does not extend con- 
tinuously over L 2 VH* . This can be seen by taking a sequence of functions 
in ID 2,1 converging in L? to a function not in ID 2 ' 1 and considering their in- 
tegral representations. Therefore, the map (ft \-* P 1.(2) (1 — M)^ 1 ^*)" does not 

extend continuously over all of L 2 , unlike the map of functions / i— > PyV/. 
However, it does extend continuously over V -1 . 

Such decompositions for higher order forms on the classical Wiener space, 
and "dual" decompositions, are given by Yang in [3TJ[22]. As pointed out 
in [32], these also determine decompositions for forms on based path spaces 
over compact Lie groups by the earlier results of Fang and Franchi |17j , when 
flat invariant connections are used to define the Bismut tangent spaces. 



7 The pullback property of CO 

For completeness, we include the following result from [3T] concerning the 
pullback of (ft i y CO((ft) under ltd maps. An analogous result using the maps 
of path spaces induced by the projections p : K — > K/G of Riemannian 
symmetric spaces is given in [10J. We use the set-up of Section [21 and in 
particular the Ito map X : Cq — > C XQ of an SDE on M that induces the 
Levi-Civita connection of M. The pullback of H-one- forms by such an Ito 
map is known to exist |14j . 

Theorem 7.1. For any L? H -one-form (ft on C Xo , we have almost surely 



CO(l*(ft) = CO((ft)ol. 



(47) 



Proof. As both sides of (|47p have zero expectation, it suffices to test against 
all functions of the form J {at,dBt)n™, for an adapted and bounded H- 
vector field a on Co- As before, {E>t}o<t<T denotes the canonical Brownian 
motion on R m . Recall that we let {o~t}o<t<T denote both the canonical 
process on M and a generic element of C XQ , so xt := at o I = l t is the 
solution of our SDE (L 
F x to that generated by X on Cq. 



Also J- x ° refers to the natural filtration on C xo and 



Let (ft be an 1? i?-one-form on C XQ . We wish to show 



— 

dt 



E(5-$|j?°),dM t 



^Jt^ 



Ft],dB t 



(48) 



R" 
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Testing the left hand side of equation (08]), we get 



Co Jo 



Co Jo 



{at,dB t )sLr, 

r 



Id 7 



(h t ,dB t ) Rm [ T (w.&4oI\F?),X(x t )dB t ) d 1 
Jo \ at j Rm 

= / f (E(d t \Tf),Y Xt M(^4°^?)) dtd 1 
J Co Jo \ at I n m 

= £ (^X(a t )E(d t \l t = a t ),^4(a)^ dtdfi Xo (a) 

= J (j) a (TX CT [E(a.|X = a)]) d/j, xo (a), 

J CxQ 

where we used the ltd isometry in the third line, and equation ([9]) in the 
last. Applying the ltd isometry again, we obtain from the right hand side 

T (d u dB t ) nm F (E[^-(l*<t>)t\T t ],dB t ) d 1 
Jo \ at l Rm 

r I d „ A 

d-i 



Co JO 



[ [ (a t ^(l*<j>i\T t ]) dt 

J C JO \ at I R™ 

(a, d 7 



Co 



<t>[Tl(a)]old~f 

Co 



4> a [TI(a) a ]dn X0 {(T) 
I <p a (7%:pE(a. \T = a)]) dfi XQ (a) 

J Crrn 



where the fourth line follows from Corollary 3.7 of [13], and the last from 
equation ([TO]) and the adaptedness of {at}te[o,T]- ^ 
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